Abstract. For the BGG category of q(n)-modules of half-integer weights, a KazhdanLusztig conjectureà la Brundan is formulated in terms of categorical canonical basis of the nth tensor power of the natural representation of the quantum group of type C. For the BGG category of q(n)-modules of congruent non-integral weights, a KazhdanLusztig conjecture is formulated in terms of canonical basis of a mixed tensor of the natural representation and its dual of the quantum group of type A. We also establish a character formula for the finite-dimensional irreducible q(n)-modules of half-integer weights in terms of type C canonical basis of the corresponding q-wedge space.
1. Introduction 1.1. The celebrated Kazhdan-Lusztig theory for semisimple Lie algebras is formulated in terms of canonical bases of the Hecke algebras associated to the corresponding Weyl groups. For basic Lie superalgebras (which can be viewed as super counterparts of semisimple Lie algebras) as well as for the queer Lie superalgebras q(n) (see, e.g., [CW2] ), triangular decomposition is available, which allows one to define the BGG category O. However, the linkage in O is no longer controlled by the Weyl groups, and thus the conventional formulation of Kazhdan-Lusztig theory does not apply to Lie superalgebras.
In [CLW] Lam and two of the authors proved Brundan's Kazhdan-Lusztig conjecture for the BGG category O of integer-weight modules for the Lie superalgebra gl(m|n) (also see [BLW] ); Brundan's conjecture [Br1] is formulated in terms of the type A canonical basis of a tensor product module [Lu3] . It is shown in [CMW] that the irreducible character problem for the BGG category of gl(m|n)-modules of arbitrary weights can be reduced to the setting of integer weights by using various category equivalences induced by twisting, odd reflection, and parabolic induction functors.
A Kazhdan-Lusztig theory for the Lie superalgebras osp(2m+1|2n) has recently been formulated and established in [BW] via new canonical bases arising from quantum symmetric pairs. This approach has been adapted further to establish a KazhdanLusztig theory for osp(2m|2n) [B] . In these papers, two variants of the category O for every osp-type superalgebra were considered, one with integer weights and another with half-integer weights, and their corresponding Kazhdan-Lusztig theories utilize canonical bases from somewhat different quantum algebras.
An analogous (still open) conjecture for the characters of irreducible q(n)-modules
of integer weights in the category O was formulated in [Br2] in terms of a type B canonical basis [Lu1, Lu3, Ka] ; see Remark A.3 for an update and a modification. Brundan established a character formula for the finite-dimensional irreducible modules of integer weights in terms of type B dual canonical basis of a q-deformed wedge space. However there is no reason to restrict oneself to the integer-weight modules only. Characters for the finite-dimensional irreducible q(n)-modules of half-integer weights have recently been obained in [CK] , and they were shown to be closely related to those of the finite-dimensional irreducible characters of integer weights given in [Br2] . We remark here that an algorithm for all finite-dimensional irreducible characters of q(n)-modules was developed earlier in [PS] .
We are interested in understanding the characters of irreducible modules in the whole BGG category of q(n)-modules, but not just those with integer-weight highest weights. A reduction similar to (but more complicated than) [CMW] is established for a queer Lie superalgebra by Chih-Whi Chen in [Ch] . By Chen's result, which confirmed our expectation, the problem of computing the characters of the irreducible modules of arbitrary highest weights in the category O for a queer Lie superalgebra is reduced to the problem of computing them in the following three categories: (i) a BGG category O n,Z of the q(n)-modules of integer weights (see the main conjecture of [Br2, (4.56) ]), (ii) a BGG category O n,Z (where Z = We prove that the type C canonical basis on a q-wedge space of the natural representation indeed coincides with that of type A canonical basis.
1.5. The paper is organized as follows. In Section 2, we recall the definition of the quantum group U, its tensor module V ⊗n and the corresponding q-deformed wedge module. We also introduce a certain completion of V ⊗n in which the canonical basis live.
In Section 3, we construct the canonical basis on a tensor module, which is a natural infinite-rank extension of Lusztig's construction [Lu3] , and then the canonical basis on the q-wedge module. This q-wedge space arises as a limiting case of the constructions in [JMO] . This is done similarly as in [Br2] (see also [CLW] ).
In Section 4, we compare the type C canonical basis on V ⊗n and the type A canonical basis on the same space (viewed as a module over the type A subalgebra U a of U). We show that these two types of canonical bases coincide on one particular subspace of V ⊗n , which plays a crucial role in the next section.
The representation theory of q(n) is studied in Section 5. We establish a character formula for the finite-dimensional irreducible q(n)-modules of half-integer weights. We then formulate in Conjecture 5.12 a character formula for O n,Z in terms of Webster's type C can⊕nical basis on V ⊗n . Finally, in Conjecture 5.14 we formulate a character formula for O n,s l in terms of type A (Lusztig's) canonical basis on V ⊗l s ⊗ V * s ⊗n−l .
In Appendix A, we revisit the setting of [Br2] for the category O n,Z , and suggest a modification of Brundan's original conjecture in Remark A.3. We establish in Proposition A.7 an equality of certain canonical bases of types B and A. 1 2 + Z and Z + the set of half-odd-integers and positive half-odd-integers, respectively.
Notes added. A proof of a maximal parabolic version of Conjecture 5.14 has appeared in [CC] . The proofs of Conjecture 5.12 and (the full version) Conjecture 5.14 will appear in a forthcoming work by Brundan and Davidson [BD] using the unicity of categorification. Indeed they noticed independently the corrected formulation in Conjecture 5.12 (upon knowing Conjecture 5.10 and [Tsu] ) and Brundan's original conjecture.
2. The tensor and wedge modules of quantum groups of type C 2.1. The quantum group U q (c ∞ ). Let P be the free abelian group on basis δ r (r ∈ Z + ) equipped with a symmetric bilinear form (δ r , δ s ) = δ rs , for r, s ∈ Z + . For later use we set δ −r = −δ r , for r ∈ Z + . Let c ∞ be the Kac-Moody Lie algebra of type C of infinite rank whose associated Dynkin diagram and simple roots are given by
Let (a ij ) be the Cartan matrix of c ∞ , where a ij = 2(α i , α j )/(α i , α i ), for i, j ≥ 0. Let Q be the root lattice of c ∞ and Q + = i≥0 Z + α i . We define the usual dominance ordering ≥ on P with respect to c ∞ :
Let q be an indeterminate. We put q i = q for i ≥ 0 and r ≥ 1. Recall that U is a Hopf algebra with a comultiplication ∆ (different from the one used in [Lu3] ) given by
We use the following notations for various sets of weights (suppressing the dependence on n > 0):
Recall from (2.1) the partial ordering ≥ on the lattice P . For λ, µ ∈ Λ Z , we define λ µ if wt r (λ) ≥ wt r (µ), for 1 ≤ r ≤ n and wt 1 (λ) = wt 1 (µ). We call the Bruhat ordering on Λ Z . Given λ, µ ∈ Λ Z with λ µ, there are only finitely many ν ∈ Λ Z such that λ ν µ, which can be seen by using an analogue of [Br2, Lemma 2.15] for Λ Z .
Let { ε i | 1 ≤ i ≤ n } be the standard orthonormal basis of Q n , and we regard Λ Z ⊂ Q n . For λ, µ ∈ Λ Z , we define another Bruhat ordering as in [PS, Lemma 2 .1]: λ µ if and only if there exists a sequence of elements µ = ν (1) , . . . , ν (k) = λ in Λ Z and roots ε s i − ε t i with s i < t i such that
Then by the same argument as in [CK, Proposition 3.3] , we can prove the following: Proposition 2.1. For λ, µ ∈ Λ Z , we have λ µ if and only if λ µ.
2.3. The q-tensor and q-wedge spaces. Let (2.6)
be the natural representation of U, where the action of U is given by
for i ≥ 1 and r ∈ Z (cf. [Jan, Chapter 5A] ). We put (2.7)
which is a U-module via (2.3). Let K be the two-sided (homogeneous) ideal of T generated by
(2.8)
The quotient F = T/K is called the q-wedge space of type C, and it is essentially a limit case of [JMO, Proposition 2.3] . Let π : T → F be the canonical projection. We have
One sees that K n is a U-submodule of T n , and hence F n is a U-module. Fix n ≥ 1. We set
Z , where w 0 is the longest element in the symmetric group S n acting on Λ Z as permutations. The set { M λ | λ ∈ Λ Z } forms a Q(q)-basis of T n . We define a symmetric bilinear form ( , ) on T n by [Br2, Lemma 3.2] ). Also note that we have µ ≻ λ if and only if
For k ∈ N, let T n <k be the subspace of T n spanned by M λ , for λ = (λ 1 , . . . , λ n ) ∈ Λ Z with |λ i | < k for 1 ≤ i ≤ n. We take the completion T n of T n with respect to the descending filtration {Kerπ k } k∈N , where
is the canonical projection. The set { M λ | λ ∈ Λ Z } forms a topological Q(q)-basis of T n . Then we define T n to be the subspace of T n spanned by vectors of the form M λ + µ≺λ c µ M µ , for λ ∈ Λ Z with c µ ∈ Q(q), which is possibly an infinite sum.
Let K n be the completion of K n in T n , and K n = K n ∩ T n the closure of K n in T n . Then we define
We see that F n is spanned by the vectors of the form F λ + µ≻λ c µ F µ , for λ ∈ Λ + Z with c µ ∈ Q(q), which is also possibly an infinite sum (cf. [Br2, Lemma 3.2 
]).
Remark 2.2. We can consider the completions of T n and F n as in [Br2] with respect to the grading on Λ Z given by n d=1 dλ d , which indeed properly contain T n and F n , respectively (see Remark A.1). We remark that all the results on (dual) canonical bases, which will be given in later sections, remain unchanged if we choose to work with these completions instead.
3. Canonical basis on the tensor module and wedge module 3.1. Quasi-R-matrix. For k ≥ 1, let c k be the subalgebra of c ∞ corresponding to
We regard the quantum group U q (c k ) as the subalgebra generated by K i , E i , and
and N = k 2 . Let h = (i 1 , i 2 , . . . , i N ) be the sequence given by
Note that w 
(see [Lu3, Section 38.2.2] ), which has been adjusted according to our different convention of comultiplication (2.3). Here T ′ i,e , T ′′ i,e (e = ±1) are the automorphisms of U given in [Lu3, Section 37.1] .
By [Lu3, Proposition 38.2.3] , the set
be the quasi-R-matrix for U q (c k ), which is defined in a certain completion of
where F c h,p is obtained by replacing E i 's with
Let a ∞ be the subalgebra of c ∞ corresponding to { α i | i ≥ 1 } with positive root lattice Q + a = i≥1 Z + α i , and let U a := U q (a ∞ ) be the associated quantum group. We shall regard U a as the Q(q)-subalgebra of U generated by
where Θ ν is given in (3.3); in this case Θ ν is the sum over
3.2. Canonical basis of T n . We shall introduce canonical and dual canonical bases of T n and formulate their basic properties similar to the ones in the case of type B [Br2, Sections 2.4 and 2.5] (see also Appendix A).
For k ≥ 1, let ψ (k) denote the involution on the U q (c k )-module T n <k defined with respect to the quasi-R-matrix Θ (k) in (3.2) (see [Lu3, Section 27.3 .1]). Let λ ∈ Λ Z be given such that |λ i | < k, for 1 ≤ i ≤ n. One can show as in [CLW] 
where π k is as in (2.10), and hence there exists a well-defined
which is possibly an infinite sum. Furthermore, ψ extends to a bar involution, denoted by , on T n , which is compatible with the bar involution of U.
where t µλ (q) ∈ qZ[q] and ℓ µλ (q) ∈ q −1 Z[q −1 ]. We set t λλ (q) = ℓ λλ (q) = 1, and t µλ (q) = ℓ µλ (q) = 0 when µ λ. We call { T λ | λ ∈ Λ Z } and { L λ | λ ∈ Λ Z } the canonical and dual canonical basis of T n , respectively.
Let σ be the Q(q)-antilinear automorphism of T n given by σ(M λ ) = M −λ , for λ ∈ Λ Z . We define a bilinear form ·, · on T n by
Note that although σ(v) ∈ T n , the form (3.7) is nevertheless well-defined. Also (3.7) is symmetric (cf. [Br2, Lemma 2.21]), and furthermore, similar to [Br2, Lemma 2.25 
Example 3.1. Let us compute the canonical basis elements T (r,s) (r, s ∈ Z) in T 2 . By (3.6), we first have
The other canonical basis elements T (r,s) can be computed by applying appropriate Chevalley generators E i 's and F i 's to T (r,s) = M (r,s) with r ≤ s and r + s = 0, and using the characterization of canonical basis elements:
From these formulas we can obtain explicit formulas for the bar involution on T 2 :
One could develop the crystal structure for T n and an algorithm of computing the canonical basis T λ similar to [Br2] .
3.3. Canonical basis of F n . We shall introduce canonical basis of F n and its dual basis (compare [Br2, Sections 3.2 and 3.3] ).
We first note that K n is invariant under the bar involution on T n (cf. [Br2, Lemma 3.4]), and hence there exists a bar involution on F n induced from the one on T n . For λ ∈ Λ + Z , we have by (3.5) (3.9)
Hence there exists a unique bar-invariant topological
where u λλ (q) = 1, u µλ (q) ∈ qZ[q] for µ ≻ λ, and u µλ (q) = 0 otherwise. We call
We can show as in [Br2, Lemma 3.8 ] that
where
Indeed, (3.12) is a finite linear combination, and hence
, it follows from (3.8) that the bilinear form (3.7) induces a pairing ·, · between E n and F n such that (3.13) [Br2, Lemma 3.15] we see that the pairing (2.9) satisfies (3.14) (E λ , M µ ) = δ λµ , for λ, µ ∈ Λ + Z , Using this, we can prove as in [Br2, Theorem 3.16] 
(possibly an infinite sum). Moreover, we have
where ℓ µλ (q) are given in (3.6).
The following formula can be obtained by using (3.14) and an analogue of [Br2, Lemma 2.11], which implies that E n is a U-module.
Lemma 3.2. For λ ∈ Λ + Z and i ≥ 0, we have E i E λ = µ q mµ E µ , where the sum is over all µ ∈ Λ + Z with m µ = −(α i , δ λ r+1 + . . . + δ λn ) satisfying µ = λ − ε r , for some 1 ≤ r ≤ n and wt(µ) = wt(λ) + α i . Also we have F i E λ = ν q nν E ν , where the sum is over all ν ∈ Λ + Z with n ν = (α i , δ λ 1 + . . . + δ λ r−1 ) satisfying ν = λ + ε r , for some 1 ≤ r ≤ n and wt(ν) = wt(λ) − α i .
4.
Comparison of canonical bases of types A and C 4.1. Canonical basis of a mixed tensor. Let V = V + ⊕ V − , where
Note that V + is a natural representation of U a ⊆ U, and V − is isomorphic to the restricted dual of V + . Fix n ≥ 1. Let s = (s 1 , . . . , s n ) be such that s i ∈ {+, −} (or {1, −1}), and
As a U a -module, we have
Let ψ denote the bar involution on T n in Section 3.2. We define an involution ψ a on T n s in the same way as in ψ by taking the limit of the involution ψ (k) a on π k (T n s ) with respect to the quasi-R-matrix Θ (k) a in (3.4). Then for λ ∈ Λ Z with sgn(λ) = s, we have by (3.4) and (3.5),
for µ ≺ λ, and t a µλ (q) = 0 otherwise. Let l, m ∈ Z + such that l + m = n. Let Σ l,m be the set of s = (s 1 , . . . , s n ) ∈ {+, −} n that contains l −'s and m +'s. The symmetric group S n acts on {+, −} n as place permutations, and the orbit
is in one-to-one correspondence with Σ l,m , and also with the set of coset representatives of minimal length in S n /S l × S m . Therefore, the Bruhat ordering on S n /S l × S m induces a partial ordering ≦ on Σ l,m . For example, exchanging a pair (+, −) in s ∈ Σ l,m with (−, +) gives
where s min and s max are the smallest and largest elements in Σ l,m with respect to ≦, respectively. Now choose any total ordering ≤ on Σ l,m which is compatible with ≦, that is, s ≦ t implies that s ≤ t, for s, t ∈ Σ l,m . For each s ∈ {+, −} n , we define
so that we have T n ≤s ⊆ T n ≤t , for s ≤ t. It follows by definition of ψ and (4.3) that ψ( T n ≤s ) ⊆ T n ≤s , for all s ∈ Σ l,m . Hence we have a filtration of ψ-invariant subspaces
and furthermore, we have a U a -module isomorphism T n ≤s / T n <s ∼ = T n s .
Proposition 4.1. Let s ∈ Σ l,m . For λ ∈ Λ Z with sgn(λ) = s, we have
where π s : T n → T n s is the canonical projection.
Proof. Let M λ ∈ T n s be so that M λ + T n <s ∈ T n ≤s / T n <s . To prove the proposition, it is enough to show the following:
Indeed, the proof of (4.6) reduces to the case of finite rank. So we may assume that ψ, ψ a , and T n <s are ψ (k) , ψ
a , and π k (T n <s ), respectively, for M λ ∈ T n <k . Below we use a shorthand notation to denote
We proceed by induction on n. The claim is clear when n = 1 since the elements v r (r ∈ Z) are canonical basis elements for both ψ and ψ a . We assume that n ≥ 2.
We observe that U a V ± ⊆ V ± , and
is a linear combination of product of E i 's (respectively, F i 's) including a factor E 0 (respectively, F 0 ) by (3.1) and (3.3). First suppose that s n = +. Set λ ′ = (λ 1 , . . . , λ n−1 ). We have by induction hypothesis and the observations in the above paragraph
Here c η ∈ Z[q, q −1 ] and M η ∈ T n−1 <s ′ with s ′ = (s 1 , . . . , s n−1 ), and hence the second summand in the last equation lies in T n <s . Next suppose that s n = −. Choose n ′ < n to be minimal such that s j = − for all n ′ < j ≤ n. Denote s ′ = (s 1 , . . . , s n ′ ), λ ′ = (λ 1 , . . . , λ n ′ ) and λ ′′ = (λ n ′ +1 , . . . , λ n ). We have by induction hypothesis
where c ζ ∈ Z[q, q −1 ] and M ζ ∈ T n ′ <s ′ with s ′ = (s 1 , . . . , s n ′ ). By using (4.3), we see that the second and the third summands above lie in T n <s , while the first summand is ψ a (M λ ). This completes the induction.
s , and
Proof. It follows directly from (4.5) and (4.6).
Remark 4.3. The statements of Proposition 4.1 and Corollary 4.2 for n = 2 actually can be observed from Example 3.1.
4.2.
Canonical basis of the q-wedge spaces of types A and C. Fix n ≥ 1 and let l, m ∈ Z + such that l + m = n. Let
and let F (l,m) be its closure in F n . Note
Proof. By (3.10) and Proposition 2.1, we see that sgn(µ) ∈ Σ l,m for µ ∈ Λ + Z with µ ≻ λ.
We shall show that { U λ | λ ∈ Λ + Z } is indeed a canonical basis of type A. To that end, we define the q-wedge spaces of type A:
Note that k≥0 K k ± is the two-sided ideal in the tensor algebra k≥0 V ⊗k ± generated by v r ⊗ v r and v r ⊗ v s + qv s ⊗ v r for r, s ∈ ±Z + with r > s, which is invariant under the action of U a , and hence k V ± are well-defined U a -modules. We may also regard k V ± as a subspace of F k by definition.
We let
where λ + = (λ 1 , . . . , λ l ) and λ − = (λ l+1 , . . . , λ n ). The following can be verified directly.
By Lemma 4.5, we can take a completion
with sgn(λ) ∈ Σ l,m . We can assemble these linear isomorphisms for various l, m into one Q(q)-linear isomorphism
In a similar way as in Section 4.1, we define an involution on F a (l,m) , still denoted by
Here ψ a , which by (4.6) coincide with ψ (k) (u) and ψ (k) (v) on π k (T l ) and π k (T m ), respectively. By (3.4) and (3.9), we have
with u a λλ (q) = 1, u a µλ (q) ∈ qZ[q] for µ ≻ λ, and u a µλ (q) = 0 otherwise.
Theorem 4.6. The isomorphism ρ : F n,a → F n preserves the canonical bases, that is,
In particular, we have u a
Proof. The involution ψ a on T n s induces an involution on F (l,m) still denoted by ψ a , which defines the ψ a -invariant canonical basis of
We have π(T w 0 λ ) = U λ by (3.11), and also π(T a w 0 λ ) = U Remark 4.7. Theorem 4.6 suggests some possible new connections between representation theory of q(n) (in blocks "of signature Σ l,n−l ") and representation theory of gl(l|n − l), which will be very interesting to formulate precisely. In case of l = 0 or l = n, there are such connections developed by Frisk and Mazorchuk (see [FM] ).
A finite rank version of Theorem 4.6 also holds for U q (c k ) in place of U = U q (c ∞ ).
Kazhdan-Lusztig theory for queer Lie superalgebra q(n)
5.1. Representations of q(n). We assume that the base field is C. Let gl(n|n) be the general linear Lie superalgebra of the complex superspace C n|n . Let {u 1 , . . . , u n } be an ordered basis for the even subspace C n|0 , and let {u 1 , . . . , u n } be an ordered basis for the odd subspace C 0|n so that gl(n|n) is realized as 2n × 2n complex matrices indexed by I(n|n) := { 1 < . . . < n < 1 < . . . < n }. The subspace
A, B : n × n matrices forms a subalgebra of gl(n|n) called the queer Lie superalgebra. Let E ab be the elementary matrix in gl(n|n) with (a, b)-entry 1 and other entries 0, for a, b ∈ I(n|n). Then { e ij , e ij | 1 ≤ i, j ≤ n } is a linear basis of g, where e ij = Eīj + E ij and e ij = Eī j + E ij . The even subalgebra g0 is spanned by { e ij | 1 ≤ i, j ≤ n }, and isomorphic to the general linear Lie algebra gl(n).
Let h = h0 ⊕ h1 be the standard Cartan subalgebra of g, with linear bases { h i := e ii | 1 ≤ i ≤ n } and { h i := e ii | 1 ≤ i ≤ n } of h0 and h1, respectively. Let { ε i | 1 ≤ i ≤ n } be the basis of h * 0 dual to { h i | 1 ≤ i ≤ n }. We define a symmetric bilinear form ( , ) on h * 0 by (ε i , ε j ) = δ ij , for 1 ≤ i, j ≤ n. We often identify h * 0 with C n by regarding ε i as the standard basis element in C n , for 1 ≤ i ≤ n.
Let b be the standard Borel subalgebra of g, which consists of matrices of the form (5.1) with A and B upper triangular. Let Φ + and Φ − be the sets of positive and negative roots with respect to h0, respectively. We have Φ − = −Φ + , and Φ + = Φ denote the sets of positive even and odd roots, respectively. We have Φ
. We denote by ℓ(λ) the number of i's with λ i = 0. Consider a symmetric bilinear form on h1 given by ·, · λ = λ([·, ·]), and let h ′1 be a maximal isotropic subspace associated to ·, · λ . Put h ′ = h0 ⊕ h ′1 . Let Cv λ be the onedimensional h ′ -module with h·v λ = λ(h)v λ and h ′ ·v λ = 0, for h ∈ h0 and h ′ ∈ h ′1 . Then W λ := Ind (e α/2 + e −α/2 ).
We define L(λ) to be the unique irreducible quotient of ∆(λ). Note that it is an h0-semisimple b-highest weight g-module with highest weight λ. We say that λ is atypical if λ i + λ j = 0 for some 1 ≤ i < j ≤ n, and typical otherwise [P] .
Categories of g-modules.
Let O n denote the BGG category of finitely generated g-modules which are locally finite b-modules and semisimple h0-modules. The set { L(λ) | λ ∈ h * 0 } is the complete set of irreducible g-modules in O n up to isomorphism. Let O ∆ n be the full subcategory of O n consisting of M having a Verma flag of finite length, that is, a filtration 0
is a Verma module for 1 ≤ i ≤ r. We denote by (M : ∆(λ)) the multiplicity of ∆(λ) in a filtration of M . Let T (λ) be the tilting module of g associated to λ ∈ h * 0 , which is the unique indecomposable module in O n such that (i) Ext On (∆(µ), T (λ)) = 0 for all µ ∈ h * , (ii) T (λ) has a Verma flag with ∆(λ) at the bottom. Indeed, we have Br3, Example 7 .10] for more details.) Let E n be the category of finite-dimensional g-modules. Let Λ + be the set of λ = (λ 1 , . . . , λ n ) ∈ h * 0 such that λ i ≥ λ i+1 and λ i = λ i+1 implies λ i = λ i+1 = 0 for
, we have L(λ) ∈ E n if and only if λ ∈ Λ + (see [P, Theorem 4] , [CW2, Theorem 2.18] ).
We denote by K(C) the Grothendieck group of a module category C spanned by the equivalence classes [M ] for M ∈ C.
For λ = (λ 1 , . . . , λ n ) ∈ Λ + , let l(λ) be the subalgebra spanned by h and the root spaces g ±α , for α ∈ Φ + (λ) := { ε i − ε j | λ i = λ j (i < j) }, and let p(λ) = l(λ) + b be its parabolic subalgebra. Note that l(λ) = h and
be the Euler characteristic of Ind g p(λ) W λ , where W λ is regarded as an irreducible l(λ)-module, and L i is the ith derived functor of the dual Zuckerman functor with respect to the pair l(λ) ⊆ g [San, Section 4] . In general, E(λ) is a virtual g-module, and its character is given by
, (see [PS, CK] ). In particular, we have E(λ) = L(λ), for typical λ. It is well known that
are Z-bases of K(E n ). We remark that the first algorithm for computing a λµ in
and hence an algorithm of computing the characters of all finite-dimensional irreducible g-modules was developed earlier in [PS] .
Character formula for finite-dimensional half-integer weight modules.
For a g-module V , we say that V is an integer weight module if it has a weight space decomposition V = µ∈Λ Z V µ , and V is an half-integer weight module if V = µ∈Λ Z V µ . Let O n,Z and O n,Z denote the full subcategories of O n consisting of integer weight and half-integer weight modules, respectively. Set
are Z-bases of K(E n,Z ) and K(E n,Z ), respectively. We do not know the answer to the following two questions (which are closely related to and essentially equivalent to each other).
Question 5.1.
(1) Is the category E n,Z a highest weight category?
Remark 5.2. The work [F] (also cf. [FM] ) shows that any (strongly) typical block in E n,Z is a highest weight category. A referee suggests that an affirmative answer to Question 5.1(1) might likely follow from this by applying translation functors.
Recall that Brundan gave a realization of K(E n,Z ) and a character formula for L(λ) ∈ E n,Z in terms of the (dual) canonical basis of type B [Br2] (see Theorem A.4). Now, let us consider the case of E n,Z . Put
Z } are the bases of the U-module E n given in Section 3.3, and Z is the right Z[q, q −1 ]-module with q acting as 1. Let
Proof. For λ, µ ∈ Λ + , let a λµ be as in (5.3 Our "shortcut" approach here has the advantage in revealing connections between canonical bases of types A, B, and C, which suggests some possible connections between the associated module categories [CK, Remarks 6.5 and 6.7 ] (see also [FM] ).
5.4. Translation functors on O n,Z . For λ ∈ h * , let χ λ denote the central character of L(λ) (see, e.g., [CW2, Section 2.3] for more details). The central characters given by Sergeev [Sv] admit the following characterization in terms of the weight function (2.5) (cf. [Br2, Theorem 4.19] ).
Lemma 5.5. Let λ, µ ∈ Λ Z . Then we have χ λ = χ µ if and only if wt(λ) = wt(µ).
We have by Lemma 5.5 that
where O γ is the full subcategory of modules in O n,Z whose simple subquotient are L(λ)'s such that wt(λ) = γ. We let pr γ : O n,Z → O γ be the natural projection functor for γ ∈ P . Let V = C n|n be the natural representation of g, and V * be its dual. For r ≥ 1, let S r (V ) and S r (V * ) denote the rth supersymmetric tensor of V and V * , respectively, which are irreducible g-modules (see [CW1, Proposition 3 
for i ≥ 0 and r ≥ 1. We write E i := E
(1) i and F i := F
i , for i ≥ 0. By extending additively according to (5.5), we obtain exact functors E 
) has a filtration whose non-zero subquotients consist of Verma modules
Proof. Let us prove (2) only, since the proof for (1) is similar.
Let µ ∈ Λ Z be a weight of S r (V ). The weight space S r (V ) µ is a finite-dimensional h-module, and its composition series has a unique composition factor W µ with
Also W λ ⊗ W µ has a composition series with a unique composition factor W λ+µ , and
since ℓ(λ) = ℓ(λ + µ) = n. Let ν 1 , . . . , ν N be an enumeration of weights of S r (V ). Then we have a filtration of h-modules
Hence W λ ⊗ S r (V ) has a composition series as an h-module, where each composition factor is isomorphic to W λ+νp for some p, and
by (5.6) and (5.7). Now, applying the exact functor U (g)⊗ U (b) ? to this composition series of W λ ⊗ S r (V ), we have a Verma flag of ∆(λ) ⊗ S r (V ), where each non-zero subquotient is isomorphic to ∆(λ + ν p ) for some p, and
as a vector space, the vectors
. . , j r }, form a basis of S r (V ) νp , where the h0-weight of the vector (5.9) is
The proof is completed.
where Z is regarded as the right Z[q, q −1 ]-module with q acting as 1. If we put
We claim that (up to some scalar multiples) the translation functors on the Grothendieck group of O ∆ n,Z act as the divided powers of the Chevalley generators in the quantum group of type C.
Proof. By Lemma 5.6 and the exactness of translation functors, it suffices to check for r = 1 and M = ∆(λ). Note Ψ([∆(λ)]) = M λ (1). The action of E i (and F i , respectively) on the basis element M λ of T n Z is clearly seen to be compatible with the action of E i (and F i , respectively) given in Lemma 5.6. 5.5. Translation functors on E n,Z and F n,Z . Note that E n,Z is invariant under E i and F i for i ≥ 0.
Proof. Let us consider the case of F i only, as the proof for E i is similar. For λ ∈ Λ + Z , we have by (5.2)
, where x i = e ε i for 1 ≤ i ≤ n. Thus, by the Weyl character formula we have
where ρ n = (n − 1, n − 2, . . . , 1, 0) and s µ (x 1 , . . . , x n ) is the Laurent Schur polynomial in x 1 , . . . , x n , for µ ∈ Λ Z ∪ Λ Z . Note that chV = 2(x 1 + · · · + x n ) = 2s (1,0,...,0) (x 1 , . . . , x n ). It follows by the Littlewood-Richardson rule that
where the sum is over all δ ∈ Λ Z such that δ − (λ − ρ n ) = ε r for some 1 ≤ r ≤ n. By putting ν = δ + ρ n , we conclude from (5.11) and (5.12) that ch(E(λ) ⊗ V ) = 2 ν chE(ν), where the sum is over all ν ∈ Λ + Z such that ν = λ + ε r for some 1 ≤ r ≤ n. By definition of F i , ch (F i E(λ) ) is the partial sum of ch(E(λ) ⊗ V ) over ν when wt(ν) = wt(λ) + α i . By comparing with Lemma 3.2, we may conclude that Ψ e ( [F i 
For λ ∈ Λ + Z let U (λ) denote the injective hull of L(λ) ∈ E n,Z . Using co-induction as in [Br2, Lemma 4.40] , it follows that U (λ) is finite-dimensional. Let F n,Z denote the full subcategory of injective modules in E n,Z . Then every object in F n,Z is a direct sum of finitely many U (λ)'s, and { [U (λ)] | λ ∈ Λ + Z } is a basis of K(F n,Z ). The category F n,Z is invariant under the translation functors E i and F i , for i ≥ 0.
We have a pairing ·, · : K(E n,Z )×K(F n,Z ) −→ Z by extending linearly the following formula (see [Br2, Lemma 4.45] 
for M ∈ E n,Z and N ∈ F n,Z . We note that L(λ) * ∼ = L(−w 0 λ), for all λ ∈ Λ + , and hence we have
We define a Z-linear isomorphism by
Recall from (3.13) that we have a bilinear pairing ·, · :
, and let ·, · q=1 be its specialization at q = 1. It follows from (5.13) that
Proof. We shall only prove the first identity, as the proof for the second is analogous. Let N ∈ F n,Z . For every M ∈ E n,Z we have
The penultimate identity follows from Proposition 5.8, while the last identity follows from the fact that uv, w = v, σ(u)w for u, v ∈ T n and u ∈ U, which can be established as [Br2, Lemma 2.21] . Now, since M is arbitrary, we conclude that
, as claimed.
5.6. Type C Kazhdan-Lusztig conjecture for q(n). Recall that the KazhdanLusztig (or simply KL) conjecture for O n,Z (of q(n)-modules of integer weights) was formulated in [Br2, Section 4.8] (and recalled below as Conjecture A.2). For the category O n,Z , we have the following conjecture.
and V n or K 0 (V n ) here arises naturally as a stable limit when the rank n goes to infinity. We denote the basis of
, where q acts on Z as 1. Recall the isomorphism Ψ :
Conjecture 5.12 (Conjecture C).
Recall by Corollary 4.2 that the type C canonical basis of the following subspace 
5.7.
Type A Kazhdan-Lusztig conjecture for q(n). Recall from [CMW] that various category equivalences induced by twisting, odd reflection, and parabolic induction functor reduce the irreducible and tilting character problem in the BGG category of gl(m|n)-modules of arbitrary weights to the setting of integer weights for which the Brundan's Kazhdan-Lusztig conjecture (and a theorem of [CLW, BLW] ) is applicable. There are similar, though more complicated, category equivalences for g = q(n), which are established by Chen [Ch, Theorem 1.1] . By Chen's result, the problem of computing the characters of the irreducible and tilting modules of arbitrary weights in the BGG category for a queer Lie superalgebra is reduced to the character problem in the following three categories:
where O n,s l is the full subcategory of g-modules in O n with weights in
Since the first two categories are covered by Conjecture A.2 (see also Remark A.3) and Conjecture 5.12 respectively, it remains to consider the category O n,s l . Let s ∈ C \ 1 2 Z and l ∈ {0, . . . , n}. Let V s := i∈s+Z Q(q)v i be the natural representation of U q (sl ∞ ), and let W s = V * s be its restricted dual. Note that the uniform shift of the indices of v i by s does not make a difference when we regard V s as a module over U q (sl ∞ ) instead of U q (gl ∞ ). We should point out that U q (sl ∞ ) is different from U a which is also of type A but with one-sided infinity. Set m = n − l. Consider the
with the standard monomial basis { M λ | λ ∈ Λ s l }. We let the Bruhat ordering a on Λ s l be the "type A" Bruhat ordering as given in [Br1, . Then in a suitable completion of the U q (sl ∞ )-module T l|m s , there exist a canonical basis { T λ | λ ∈ Λ s l } and dual canonical basis { L λ | λ ∈ Λ s l }, which are bar invariant such that (5.18)
. We set t a λλ (q) = ℓ a λλ (q) = 1. Now, we make the following conjecture for O n,s l .
Conjecture 5.14 (Conjecture A). We have the following character formulae in the category O n,s l : for λ ∈ Λ s l , we have Recall that O n,Z denotes the full subcategory of O n consisting of integer weight modules. In this Appendix, we review Brundan's KL conjecture for O n,Z , and suggests an enhancement for it using canonical basis arising from the quantum covering group.
A.1. Brundan's Kazhdan-Lusztig conjecture for O n,Z . We first give a brief review on the results in [Br2] . We first follow the settings and notations in Section 5 for representations of q(n).
Let P b = a∈Z + Zδ a with a symmetric bilinear form (δ a , δ b ) = 2δ ab , for a, b ∈ Z + . Let b ∞ be the Kac-Moody Lie algebra of type B of infinite rank with associated Dynkin diagram and simple roots given by
Let t be an indeterminate, and let U b = U t (b ∞ ) be the associated quantum group defined as in (2.2) over Q(t). For n ≥ 1, we put Λ Z := { λ = (λ 1 , . . . , λ n ) | λ i ∈ Z, ∀i }, Let V b = a∈Z Q(t)v a be the natural representation of U b . For n ≥ 1, let T n,b := (V b ) ⊗n with Q(t)-bases { N λ := v λ 1 ⊗· · ·⊗v λn | λ ∈ Λ Z } and { M λ := (t+t −1 ) −z(λ) N λ | λ ∈ Λ Z }, where z(λ) is the number of zero parts in λ. Define T n,b to be the completion of T n,b (on which a bar involution is defined) as described in Sections 2.3 and 3.2.
Let { T λ | λ ∈ Λ Z } and { L λ | λ ∈ Λ Z } denote the canonical basis and dual canonical basis, respectively, which are the unique bar-invariant topological Q(t)-bases of T n,b such that
with t λλ (t) = ℓ λλ (t) = 1, t µλ (t) ∈ tZ[t], ℓ µλ (t) ∈ t −1 Z[t −1 ] for µ ≺ λ, and t µλ (t) = ℓ µλ (t) = 0 otherwise [Br2, Theorem 2.22 ].
Remark A.1. The completion T n,b here are different from the one in [Br2] . More precisely, our completion is defined following the construction [CLW, Section 3 .2] so called B-completion, and it can be regarded as a proper subspace of the Brundan's completion. For example, k≥1 M (0,k) belongs to not T n,b but the completion in [Br2] . Hence by the uniqueness of the (dual) canonical bases, we may identify { T λ | λ ∈ Λ Z } and { L λ | λ ∈ Λ Z } with those in [Br2] .
The following KL conjecture for the BGG category O n,Z (of integer weight modules) is due to Brundan [Br2, Section 4.8] . Remark A.3. For the same reason as remarked in Section 5.6, Brundan's Conjecture A.2 is incorrect thanks to [Tsu] . One may hope that a spin/super version of Webster's tensor product 2-category (see [KKT] for a spin/super quiver Hecke algebra) might provide the right can⊕nical basis T b λ which correspond to the tilting module T (λ). Actually the Grothendieck group of such a 2-category should be a module of a quantum covering group over Z[q ±1 , π], with π 2 = 1 (see [CHW, Cl] ). The quantum covering group specializes at π = 1 to a quantum group of type B. One would hope to have a 2-parameter (i.e., q and π) enhancement of the Kazhdan-Lusztig theory and its homological interpretation. Let It is shown [Br2, Theorem 3.16 ] that { L λ | λ ∈ Λ + Z } is the unique bar-invariant basis of E n,b such that L λ ∈ E λ + µ∈Λ
, where Z is the right Z[t, t −1 ]-module with t acting on Z as 1. Let E λ (1) = 1 ⊗ E λ and L λ (1) = 1 ⊗ L λ ∈ E n,b Z , for λ ∈ Λ + Z . Then we have the following.
